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It is proved that a qubit encoded in excited states of a V-type quantum system cannot be perfectly
transferred to the state of the cavity field mode using a single rectangular laser pulse. This obstacle
can be overcome by using a two-stage protocol, in which the fidelity of a state-mapping operation
can be increased to nearly one.
I. INTRODUCTION
The preparation and manipulations of photonic states
by using an atom or a quantum dot play an important
role in quantum information processing. Atoms, ions or
quantum dots are essential components of many opti-
cal quantum information processing devices [1, 2], which
have been proposed [3–26] or demonstrated [27–37] over
past ten years. In such devices it is very useful to be
able to transfer qubit between the atomic state and the
field state [38]. Typically researchers perform a state-
mapping operation using stimulated Raman adiabatic
passage (STIRAP) [39] because of the robustness of this
technique against different experimental imperfections.
However, if the state-mapping operation has to be really
fast then STIRAP is not a proper choice, since pulses
should vary slow enough to fulfil the adiabaticity crite-
rion. If computational speed is very important then the
state-mapping operation via Raman transition should be
based on Rabi oscillations between these two states, in
which qubit is encoded. This method is much more de-
manding than STIRAP, but it is probably that the near
future technology will satisfy its all requirements. In the
paper [40] authors have discussed quantum operations
via Rabi oscillations performed in a three-level system
in the Λ-configuration with focus on improving fidelity.
The authors have shown that it is possible in this sys-
tem to achieve high enough fidelity to make these oper-
ations useful in future quantum computations, i.e., the
authors have shown that one can achieve the fidelity dif-
fering from unity by 10−5, required by large quantum
algorithms [41, 42]. Such high fidelities are a result of
using fine tuning technique, which prevents a reduction
of the fidelity by the population of the third (auxiliary)
level.
In this paper, we study the state-mapping operation
performed in a V-type three-level system. The quan-
tum interference manifested in the V-type system leads
to many important effects such as electromagnetically
induced transparency, quenching of spontaneous emis-
sion, lasing without inversion, unexpected population in-
version, quantum beats despite the incoherent pumping
etc. [43–52], and therefore, this system is useful in quan-
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tum information processing [53–57]. The usefulness of
V-type systems as memory elements is limited because
of spontaneous emission from excited states, however, if
the time of a quantum operation is much shorter than
the decoherence time then it is possible to consider these
systems as a candidate for qubit [58–63]. The aim of this
paper is to show that the state-mapping operation in V-
type systems can be fast and the fidelity can be high
enough to make such systems useful in large quantum
algorithms.
This paper is organized as follows. We begin in sec-
tion 2 with a description of the model. In section 3, we
prove that it is impossible to transfer perfectly the qubit
encoded in excited atomic states to the state of a cav-
ity field mode using a single rectangular laser pulse. In
section 4, we show that an approximate state mapping
is possible for long operation times only. In sections 5
and 6, we present the two-stage state-mapping protocol
that performs the transfer almost perfectly. Numerical
results (section 7) show that this protocol is fast and the
fidelity satisfies the requirement of large quantum algo-
rithms. In sections 8 and 9, we investigate the influence
of field and atomic (respectively) damping on this pro-
tocol and we show that in some special case the fidelity
of the state mapping in the V-type system can be higher
than in Λ-type system.
II. THE MODEL
The state-mapping operation is performed using a de-
vice, which is formed of an atom (or an atom-like struc-
ture) trapped inside a cavity. This atom or atom-like
structure plays the role of memory component and we
assume that it can be modeled by a three-level system
in the V-configuration. The setup and the level scheme
are sketched in figure 1. The quantum information is
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FIG. 1: (a) Schematic setup for mapping a state of a V-type
atom (or an atom-like structure) onto the field state. (b) V-
type level configuration of the atom.
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2encoded in a superposition of two excited levels |0〉 and
|1〉. We can operate on this quantum information using
two transitions to the intermediate level |2〉, which is the
ground level. The first transition |1〉 ↔ |2〉 is coupled
to the cavity mode with a frequency ωcav and coupling
strength g. The second transition |0〉 ↔ |2〉 is driven by
a classical laser field with a frequency ωL and coupling
strength Ω. The classical laser field and the quantized
cavity mode are equally detuned from the corresponding
transition frequencies by ∆ = (E0 − E2)/h¯ − ωL. The
V-type level configuration cannot be considered as an
ideal memory because, contrary to the Λ-type system, a
qubit is here encoded in a superposition of two excited
states, and thus, the time of storage of quantum infor-
mation is limited by the spontaneous emission. Sponta-
neous emission rates from levels |0〉 and |1〉 we denote by
γ0 and γ1, respectively. However, new technology shows
that it is possible to build devices where the coherent
coupling strength is much greater than the spontaneous
transition rate [64–66]. In [64] the coupling strength g be-
tween quantum dot and the microcavity mode is 80 times
greater than spontaneous emission rate γ for the same
transition. Therefore, the V-type level structure can be
considered as a short-term memory useful in quantum
information processing. Such large values of g compared
to γ are possible for microcavities since g is inversely
proportional to the square of the cavity mode volume.
Unfortunately, the cavity decay rate κ increases with de-
creasing the cavity length, and therefore, κ > g in [64].
Nevertheless, it is reasonable to assume that the finesse
of microcavities will be improved in the future and the
coherent coupling will dominate all dissipative rates.
The Hamiltonian that describes the interaction of the
atom (or the quantum dot) with the cavity field mode is
given by
H = −∆σ22 + (Ωσ02 + gaσ12 + h.c.)
−iκa†a− iγ0σ00 − iγ1σ11 , (1)
where σij = |i〉〈j| denote the atomic flip operators and a
denotes the annihilation operator of the cavity mode.
III. NONEXISTENCE OF PERFECT MAPPING
PULSE FOR V SYSTEMS
Let us consider the case of the unitary evolution of the
system, i.e., we assume that κ, γ0 and γ1 are equal to
zero. The quantum information encoded in the atomic
state α|00〉 + β|10〉 has to be mapped perfectly and
quickly onto the cavity field state: α|00〉 + β|01〉. Here,
we have denoted a state of the system consisting of the
atomic state |j〉 and the cavity field with n photons by
|jn〉. So, we have to perform quantum operation defined
by |10〉 → |01〉 and |00〉 → |00〉. Is it possible to achieve
this task using the evolution governed by the Hamilto-
nian (1)? Let us investigate this problem. The evolution
of the state |10〉 is given by
e−iHt|10〉 = a(t)|10〉+ b(t)|01〉+ c(t)|21〉 , (2)
where
a(t) = 1− |g|2/(|Ω|2 + |g|2) f(t) ,
b(t) = −Ω g∗/(|Ω|2 + |g|2) f(t) ,
c(t) = −ig∗/ν ei∆/2 t sin ν t , (3)
with ν =
√
(∆/2)2 + |Ω|2 + |g|2 and
f(t) = 1 + ei∆/2 t(i∆/(2ν) sin ν t− cos ν t) . (4)
From (3) one can see that the population of the state
|10〉 will be fully transferred to the state |01〉 if three
conditions will be satisfied, i.e., |g| = |Ω|, sin ν t = 0 and
f(t) = 2. Taking into account two first conditions we can
express the third one in the form
cos (∆/2 tpi) cos ν tpi = −1 . (5)
Equation (5) leads to a discrete set of detunings [40](
∆
2 |g|
)2
= 2
ζ2
2ζ + 1
, (6)
where ζ = k/θ, θ = 1, 3, 5, . . . is a natural odd number
and k = 0, 1, 2, 3, . . . is a non-negative integer. So, the
population is fully transferred from the state |10〉 to |01〉
if and only if the value of detuning satisfies condition (6)
and the operation time tpi is given by
tpi = 2kpi/|∆| = (θ + k)pi/ν . (7)
If we assume that Ω = −g exp(iΦ) then it is seen from (2)
and (3) that such a perfect pi pulse is given by
Upi|10〉 ≡ e−iHtpi |10〉 = eiΦ|01〉 . (8)
The state-mapping operation requires also that the
population of the state |00〉 has to remain unchanged.
In the case of three-level Λ systems the state |00〉 experi-
ences no dynamics. Therefore, in such systems the per-
fect state-mapping operation (also defined by |10〉 → |01〉
and |00〉 → |00〉) can be easily achieved. The situation,
however, is considerably more complicated for three-level
V systems. In V systems the time evolution is given by
e−iHt|00〉 = ei∆/2 t
[
(2ν′ cos ν′ t− i∆ sin ν′ t)|00〉
−i2Ω∗ sin ν′ t|20〉
]
/(2ν′) , (9)
e−iHt|20〉 = ei∆/2 t
[
(2ν′ cos ν′ t+ i∆ sin ν′ t)|20〉
−i2Ω sin ν′ t|00〉
]
/(2ν′) , (10)
where ν′ =
√
(∆/2)2 + |Ω|2. It is worth to mention here
that these above equations hold also for κ 6= 0. Dur-
ing the evolution described by (9) the population of the
intermediate state is given by
〈σ22〉 = 4|Ω|
2
∆2 + 4|Ω|2 sin
2(ν′t) . (11)
3The condition |00〉 → |00〉 is fulfilled up to a phase factor
if the operation time is given by
t′pi = l pi/ν
′ , (12)
where l = 1, 2, 3, . . . is a positive integer. Since the state-
mapping operation requires both conditions |10〉 → |01〉
and |00〉 → |00〉, an operation time tm has to be equal to
(7) and (12), and the detuning has to satisfy (6). These
three conditions lead to a Diophantine equation
k2 + (θ + k)2 = 2 l2 . (13)
It follows from (13) that the numbers k and (θ+k) should
be both odd or both even. However, the numbers k and
(θ + k) will never be both odd or both even, because θ
is always an odd number. Thus, (13) has no solutions in
natural numbers k, l, θ with θ odd.
One can see that three-level V systems have important
drawback. The fidelity of the state-mapping operation
is always reduced by the population of the intermediate
level, and therefore the perfect state mapping using single
rectangular laser pulse is impossible in three-level V-type
systems.
Moreover, it seems likely that there is no prefect state
mapping consisting of more than one laser pulse. How-
ever, it is hard to prove it because there are infinitely
many possible sequences of laser pulses — from two dif-
ferent pulses to series of very many ultra-short pulses as
in [67].
IV. APPROXIMATE STATE MAPPING
We already know that there is no perfect state-
mapping operation in three-level V systems, i.e., tpi will
be never equal to t′pi. However, tpi can be very close to
t′pi for some special numbers k, l, and θ. In such cases
it is possible to perform an approximate state-mapping
operation with the operation time tm ≈ (tpi+ t′pi)/2. Now
we investigate if approximate state-mapping operations
can satisfy the fidelity requirement of large quantum al-
gorithms. Of course, the fidelity of approximate state-
mapping operations is state dependent, and therefore, we
need the minimum fidelity taken over all possible input
states in our investigation. Since computational speed
is also very important, the times of these operations tm
should be not too long. We have calculated the min-
imal fidelity of state mapping for all such k, l and θ,
for which the operation time is shorter than some fixed
time limit 200g−1. We have found that there are only
fourteen different state-mapping operations, which can
satisfy the fidelity requirement of large quantum algo-
rithms F ≥ 1− 10−5 and take less time than the chosen
time limit 200g−1. We have only fourteen different val-
ues of the detuning, which we can choose. The shortest
approximate state-mapping operation lasts 109.5g−1 and
is determined by (k, θ, l) = (63, 17, 72). So, it is possible
to perform the approximate state mapping, but such an
approximate state mapping cannot be short and achieve
very high fidelity at once.
V. ALMOST PERFECT STATE MAPPING FOR
V SYSTEMS
The state-mapping operation performed using a single
rectangular laser pulse in V-type systems cannot achieve
fidelity equal to unity. The population of the interme-
diate state |2〉 reduces the fidelity. This situation is il-
FIG. 2: Populations of the states |20〉 (solid line), |21〉 (dotted
line) and |10〉 (dashed line) during the pi pulse operation. A
non-zero population of the state |20〉 at the end of the pulse
reduces the fidelity. Inset: the pi pulse. Here we set g =
2pi × 10 MHz.
lustrated in figure 2 — the initial state (|00〉+ |10〉)/√2
cannot be perfectly transformed into (|00〉 + |01〉)/√2
because of a non-zero population of the state |20〉 at the
end of the pulse. The problem comes from the fact that
the states |10〉 and |00〉 (which belong to orthogonal sub-
spaces {|10〉, |01〉, |21〉} and {|00〉, |20〉}) evolve with
noncommensurate frequencies ν =
√
(∆/2)2 + 2|g|2 and
ν′ =
√
(∆/2)2 + |g|2 (for |Ω| = |g|). The operations
|10〉 → |01〉 and |00〉 → |00〉 require the pi pulse and the
2pi pulse, respectively. Since ν and ν′ are noncommen-
surate, the duration times of these pulses are always dif-
ferent, and therefore, there is no rectangular pulse which
can perform operations |10〉 → |01〉 and |00〉 → |00〉 si-
multaneously.
We can omit this problem shifting the evolution in
the subspace {|00〉, |20〉} with respect to the evolution
in the subspace {|10〉, |01〉, |21〉} before performing the
perfect pi pulse operation. By ’shifting the evolution’ we
mean that the state |10〉 experiences no dynamics while
the state |00〉 is transformed into such a special state
|Φη〉 = η0|00〉 + η1|20〉 that Upi|Φη〉 = |00〉. The main
idea of such a two-stage state-mapping protocol is illus-
trated in figure 3. Thus, in the first stage of this protocol
we need an operation, which changes only the state that
4FIG. 3: Populations of the states |20〉 (solid line), |21〉 (dot-
ted line) and |10〉 (dashed line) during the two-stage state-
mapping protocol. At the end these three populations are
close to zero, and thus, the fidelity can be close to one. Inset:
the pulses sequence.
belongs to the subspace {|00〉, |20〉} and leaves the state
belonging to the other subspace unchanged.
This needed operation is just the intense laser pulse op-
eration. It is clearly seen from equations (2), (3) and (9)
that when the laser pulse is very intensive |Ω|  |g| then
a(t) ≈ 1, and therefore, the state |10〉 experiences almost
no dynamics while the population of the state |00〉 oscil-
lates with a very high frequency. In the following, we will
assume that a(t) = 1 for |Ω|  |g|. Since we need the
fidelity greater than 1 − 10−5, we have to estimate the
error  = 1 − |a(t)|2 introduced by this approximation.
From (3) we see that
|a(t)|2 > 1− |g|
2
(|Ω|2 + |g|2) 2 Re(f(t1)) , (14)
where Re(f(t)) ≤ 2, and thus the probability that the
system will be found in other state than |10〉 is limited
by
 <
4 |g|2
|Ω|2 + |g|2 <
(2 |g|
|Ω|
)2
. (15)
Therefore, |Ω/g| > 633 is necessary to get the error prob-
ability smaller than 10−5.
The effect of this operation is given by U1(t1)|10〉 =
|10〉 and
U1(t1)|00〉 = ei∆/2 t1
[
(2ν′1 cos ν
′
1 t1 − i∆ sin ν′1 t1)|00〉
−i2Ω∗ sin ν′1 t1|20〉
]
/(2ν′1) , (16)
where ν′1 =
√
(∆/2)2 + |Ω|2. From (16) it is seen that
we can set arbitrary populations of the states |00〉 and
|20〉 for |Ω|  |∆|. It is also seen that we can easily give
an arbitrary phase shift to the state |20〉 with respect to
the state |00〉 just by setting proper argument of Ω =
Ω1 exp(iφΩ), where Ω1 = |Ω|. So we can always produce
the state |Φη〉 for large enough Ω1.
We can calculate amplitudes η0 and η1 by premulti-
plying Upi|Φη〉 = |00〉 by U−1pi = eiHtpi . We also assume
that in the second stage of the protocol, i.e., during the
perfect pi pulse we change the intensity and the phase of
the laser field that Ω = −g exp(iΦ). In this way we get
|Φη〉 = e−i∆/2 tpi
[
(2ν′pi cos ν
′
pi tpi + i∆ sin ν
′
pi tpi)|00〉
−ie−iΦ2g∗ sin ν′pi tpi|20〉
]
/(2ν′pi) , (17)
where ν′pi =
√
(∆/2)2 + |g|2. A comparison of the moduli
of the amplitudes (16) and (17) leads to
t1 = arccos
(
1− 2 |g|
2ν′21
Ω21ν
′2
pi
(sin ν′pi tpi)
2
)
/(2ν′1) . (18)
In order to find the proper argument of Ω we write (16)
and (17) in terms of the moduli and the arguments of η0
and η1
U1|00〉 =
(|η0|eiθ0 |00〉+ |η1|eiθ1 |20〉)ei∆/2 t1 , (19)
|Φη〉 =
(|η0|eiφ0 |00〉+ |η1|eiφ1 |20〉)e−i∆/2 tpi ,(20)
where
|η1| = |g|
ν′pi
| sin ν′pi t2pi| ,
|η0| =
(|g|2 cos2 ν′pi tpi + ∆2/4)1/2/ν′pi . (21)
The arguments of phase factors are given by
φ1 =
{
3
2pi − Φ− φg , if sin ν′pi tpi > 0 ,
1
2pi − Φ− φg , if sin ν′pi tpi < 0
and
φ0 = arctan
( ∆
2ν′pi
tan ν′pi tpi
)
+ k′pi ,
θ0 = − arctan
( ∆
2ν′1
tan ν′1t1
)
,
θ1 =
3
2
pi − φΩ , (22)
where φg is the argument of g and k
′ is 0 or even for
cos ν′pi tpi > 0 and odd for cos ν
′
pi tpi < 0.
Now it is easy to check that if we chose such φΩ that
the condition φ0−φ1 + 3pi/2−φΩ− θ0 = 2 l′ pi is fulfilled
then U1|00〉 = eiΘ|Φη〉, where Θ = ∆/2 (t1 + tpi)+θ0−φ0
and l′ is an integer.
VI. THE STATE-MAPPING PROTOCOL
The protocol that is able to achieve fidelity as close
to unity as it is needed consists of two stages: (A) the
evolution-shift stage, and (B) the pi pulse stage. Initially,
the quantum system is prepared in the state
|ψ0〉 = α|10〉+ β|00〉 . (23)
For simplicity, we assume here, and in the following, that
g is a real positive number.
5A. The evolution-shift stage
The goal of this stage is to transform the state |00〉
into |Φη〉 without changing the state |10〉. To this end,
we turn the laser on for the time t1, given by (18). The
laser has to be set in such a way that Ω = Ω1 exp(iφΩ)
with φΩ = ∆/2 (t1 + tpi) + mpi, where m is 0 or even
for sin ν′pi tpi > 0 and odd for sin ν
′
pi tpi < 0. The inten-
sity of the laser light has to be great enough to satisfy
the condition Ω1  g. This operation is described by
U1|10〉 = |10〉 and U1|00〉 = eiΘ|Φη〉, and therefore, at
the end of this stage, the system state is given by
|ψ1〉 = α|10〉+ βeiΘ|Φη〉 . (24)
B. The pi pulse stage
In the second stage of this protocol we change the
intensity of the laser light to satisfy condition Ω =
−g exp(iΦ) and we keep the laser on for the time tpi.
The pi pulse operation is described by Upi|10〉 = eiΦ|01〉
and Upi|Φη〉 = |00〉. So, after this pi pulse operation the
system state is given by
|ψf 〉 = αeiΦ|01〉+ βeiΘ|00〉 . (25)
If we set Φ = Θ then the protocol ends up with the state
|ψf 〉 = α|01〉+ β|00〉
= |0〉dot ⊗ (α|1〉cav + β|0〉cav) . (26)
The condition Φ = Θ leads to Φ = ∆/2 (t1 +tpi)+θ0−φ0.
VII. VALIDITY OF THE ROTATING WAVE
APPROXIMATION
Results obtained using (1) show that the fidelity of
the state-mapping protocol tends to unity for large |Ω|.
However, we have to keep in mind that the Hamiltonian
given by (1) describes the quantum system composed of
the V-type atom or atom-like structure and the cavity
in the rotating-wave approximation (RWA). This means
that we cannot set |Ω| too high because (1) will be un-
reliable [68]. The careful choice of |Ω| is especially im-
portant in the performing of state mapping with a very
high fidelity. Therefore, we have to take into account in
our considerations counter-rotating terms which are ne-
glected in RWA. The Hamiltonian without RWA is given
by
H = −∆σ22 + (Ωσ02 + gaσ12
+Ωσ12e
i(ωL+ωcav)t + gaσ20e
−i(ωL+ωcav)t + h.c.)
−iκa†a− iγ0σ00 − iγ1σ11 . (27)
Here, we have assumed that the classical laser field and
the quantized cavity mode field are σ− and σ+ polar-
ized, respectively. We can estimate the error intro-
duced by the counter-rotating terms using (27) and time-
dependent perturbation theory. The quantum system,
which is initially prepared in the state |10〉 should re-
main in this state after the first stage. Assuming that
|Ω|, |∆|  ωL + ωcav and |Ω|  |g|, the probability that
it will be found in other state can be roughly approxi-
mated by
 = 1 + 2 <
(2 |g|
|Ω|
)2
+
( 2 |Ω|
ωL + ωcav
)2
. (28)
One can see that the first term of (28), which represents
the error introduced by terms gaσ12 + h.c., is in agree-
ment with (15). The second term represents the error
introduced by the counter-rotating terms.
Now it is easy to check that RWA is justified for
atoms. For atoms, typically g/2pi is of order 10 MHz
and ωL/2pi ≈ ωcav/2pi ≈ 3.8× 108 MHz, so 2 is smaller
than 10−6 up to |Ω|/g ≈ 3 × 104. The situation is more
complicated for quantum dots. We will consider the case
of quantum dots later.
VIII. THE NUMERICAL TESTS OF THE
STATE-MAPPING PROTOCOL
Let us see capabilities of the state-mapping protocol
and check the derived formulas using numerical computa-
tions. First, we examine the protocol for a great value of
the detuning |∆|  g. Here, and in the following, we set
g = 2pi×10 MHz. For (k, θ) = (25, 1) and Ω1/g = 100 we
obtain ∆/g = 9.90148, (t1, tpi) = (2.0×10−3, 15.864)g−1,
(φΩ,Φ) = (0.01, 4.696) and F > 1− 2× 10−6. It is seen
that the total time of the protocol is much shorter than
the time of the shortest approximate state-mapping so-
lution. It is also worth to note that t1  tpi, which
means that the state-mapping protocol for V-type sys-
tems is almost as fast as state mapping in Λ-type sys-
tems. The fidelity is very close to one, so it is almost as
high as fidelity of state mapping in Λ-type systems. Ac-
cording to (15) we can increase the fidelity. The fidelity
of the state-mapping protocol should tend to unity as
Ω becomes large. In order to check it we repeat these
calculation for Ω1/g = 1000 and we obtain (t1, tpi) =
(1.993×10−4, 15.8642)g−1, (φΩ,Φ) = (0.001, 4.6966) and
F > 1−2×10−8. As expected from (15), the error prob-
ability is proportional to (g/Ω1)
2.
We can come to the same conclusions simulating the
state-mapping protocol for small values of ∆. For exam-
ple, (k, θ) = (1, 1) and Ω1/g = 100 lead to ∆/g = 1.633,
(t1, tpi) = (8.5×10−3, 3.847)g−1, (φΩ,Φ) = (0.007, 4.319)
and F > 1 − 7 × 10−5. It is seen that the perfect pi
pulse is faster for small values of ∆. It is also seen that
the fidelity is smaller than in case of large ∆. This,
however, is not a problem. We can always increase the
fidelity by increasing Ω1/g. For Ω1/g = 1000 we ob-
tain ∆/g = 1.633, (t1, tpi) = (8.47 × 10−4, 3.8476)g−1,
(φΩ,Φ) = (0.0007, 4.321) and F > 1− 5× 10−7.
6IX. THE EFFECT OF A NON-ZERO κ ON THE
PROTOCOL
The evolution of the state of real optical cavities is not
unitary because of absorption of photons in mirrors. In
some of devices photons can also leak out of the cavity
through a semitransparent mirror. Such a photon leakage
is very important when quantum information encoded in
the photonic state of the cavity has to be transferred to a
distant quantum system. We can take into account these
photon losses assuming that cavity decay rate κ is greater
than zero. Let us now consider the effect of non-zero κ
on operations needed by the state-mapping protocol, i.e.,
|10〉 → |01〉 and |00〉 → |00〉.
As mentioned above, the evolution of the system pre-
pared initially in the state |00〉 is independent of κ.
Hence, the time of the operation |00〉 → |00〉 is still given
by (12). However, a non-zero κ changes the evolution of
the system prepared initially in the state |10〉. For small
values of κ, we can find a good approximation to this evo-
lution applying the first order perturbation theory. In or-
der to write the expressions in a more compact form, we
assume that |∆|  g  κ. Then the expansion param-
eter can be well approximated by η = κ|∆|/(4g2)  1
and the evolution of the system is quite well described
by
e−iHt|10〉 = aκ(t)|10〉+ bκ(t)|01〉+ cκ(t)|21〉 , (29)
where
aκ(t) = e
−κt/2[e(iω+−κξ+)t/2ω−(1− i2ηξ−)/(8ν)− iη
+e−(iω−+κξ−)t/2ω+(1 + i2ηξ+)/(8ν) + 1/2
]
,
bκ(t) = −eiΦe−κt/2
[
e(iω+−κξ+)t/2ω−/(8ν)− 1/2
+e−(iω−+κξ−)t/2ω+/(8ν)
]
,
cκ(t) =
g
2ν
e(i∆−κ)t/2
(
e−(iν+κξ−/2)t − e(iν−κξ+/2)t) .
(30)
In (30), ω± = 2ν±∆ and  = sign(∆) and ξ± = H(±∆),
where H(t) denotes the Heaviside function.
From (30), it is easy to check that the population of
the intermediate state |cκ|2 is greater than zero for t > 0.
This means that the state-mapping operation cannot be
perfect for κ > 0. In figure 4 we plot the population of
state |21〉 for quite large value of κ to show that this pop-
ulation reaches a local minimum periodically, but does
not reach zero. We can infer two consequences from this.
First, a very high fidelity is possible only for very small
κt. Second, although we can only approximate the oper-
ation |10〉 → |01〉, this approximation can be quite good
if we use the oscillatory behaviour of |cκ|2 to minimize
it. It is interesting that the local minima of |cκ|2 are
almost independent of κ. So, to a good approximation,
this population takes minimum values at
t = m′pi/ν , (31)
FIG. 4: The population of state |21〉 computed numerically
versus time for a non-zero cavity decay rate. This population
reduces the fidelity of the state mapping. The parameters are
(∆,Ω, κ, γ0, γ1)/g = (4, 1, 0.1, 0, 0), where g = 2pi × 10 MHz.
where m′ is a positive integer.
Second important difference in the operation |10〉 →
|01〉 between cases when the damping is present and when
is not is the time of this operation. In order to get an
approximated formula for the pi pulse, we need further
approximations. Recalling that |∆|  g  κ, we drop
all small terms and as a result we eliminate the state |21〉
from the evolution. Expressions for amplitudes obtained
in this way are less precise, but much simpler
aκ(t) = e
−iδte−κt/2
(
cos δt+ 2η sin δt
)
,
bκ(t) = ie
iΦe−iδte−κt/2 sin δt ,
cκ(t) = 0 , (32)
where δ = (2ν − |∆|)/4 ≈ g2/|∆|. The pi pulse requires
aκ(t) = 0, and therefore the time of this pulse is given by
tpi(κ) = δ
−1[k′′pi − arctan ((2η)−1)] , (33)
where k′′ = 1, 2, 3, . . . Using the linear approximation,
we can also express tpi(κ) in the form
tpi(κ) = θpi/(2δ) + 2ηδ
−1 = tpi(0) + 2ηδ−1 , (34)
where tpi(0) is given by (7). This pi pulse is close to be
perfect when the population of the intermediate state
takes minimum value at the end of this pulse. Therefore,
the time given by (34) has to be equal to that given
by (31). This is possible only for the fine tuned values of
the detuning
|∆(κ)| = |∆(0)|
(
1− 2η
θpi
)
, (35)
where ∆(0) is given by (6).
The pi pulse operation for non-zero κ can be approx-
imated by Upi|10〉 = ei(Φ−2η)e−κtpi/2|01〉 and Upi|Φη〉 =
|00〉. Therefore, after the second stage of the protocol
the unnormalized state of the system is given by
|ψ˜f 〉 = αei(Φ−2η)e−κtpi/2|01〉+ βeiΘ|00〉 . (36)
7Now it is useful to set Φ, which satisfies the condition
Θ = Φ− 2η. This leads to
φΩ = ∆/2 (t1 + tpi) +mpi + 2η ,
Φ = ∆/2 (t1 + tpi) + θ0 − φ0 + 2η . (37)
Then at the end of the protocol we obtain
|ψf 〉 = N (αe−κtpi/2|01〉+ β|00〉) , (38)
where N = (|α|2e−κtpi + |β|2)−1/2 is the normalization
factor. Observe that for non-zero values of κ the state
mapping is not perfect because of the damping factor
e−κtpi/2. We can achieve high fidelity for small enough
values of κtpi only.
Using (34), (35), (37) and (18) we find that the mini-
mal fidelity exceeds the value 1−10−5 for (∆,Ω1, κ)/g =
(9.890 55, 1000, 7×10−4), (t1, tpi) = (2×10−4, 15.882)g−1
and (φΩ,Φ) = (0.008, 4.696). More considerable value of
κ we can set for small values of ∆, because then the pi
pulse is faster and κtpi smaller. The formulas (34), (35)
and (37) work properly only when |∆|  g  κ and η 
1. However, we can use these formulas to calculate the
initial starting point and use it in a numerical optimiza-
tion. In this way we find that we can achieve F > 1−10−5
for (∆,Ω1, κ)/g = (1.630, 1000, 2.6 × 10−3), (t1, tpi) =
(8.48× 10−4, 3.85)g−1 and (φΩ,Φ) = (−0.001, 4.32). We
cannot set larger values of κ because κtpi is to large to
achieve F > 1− 10−5.
X. THE INFLUENCE OF SPONTANEOUS
EMISSION FROM EXCITED STATES ON THE
PROTOCOL
So far, we have assumed that spontaneous emission de-
cay rates γ0 and γ1 are equal to zero. Let us now relax
this assumption and investigate the influence of γ0 and
γ1 on state-mapping operations. It seems obvious that
the fidelity of state mapping decreases with increasing
γ0 and γ1. Sometimes even a small value of the sponta-
neous decay rate can considerably decrease the fidelity or
the success probability [69]. Thus, it may be surprising
that non-zero spontaneous emission decay rates can im-
prove state-mapping operations. The reason is that field
and atomic damping act in a sense in opposite directions.
Figure 5 shows that the periodic behaviour of the system
lost due to non-zero κ can be partially recovered by non-
zero γ0 and γ1. The unwanted population of the state
|21〉 again approaches zero periodically. The same effect
can be also observed in the Λ-type system [40]. This is
one of rare examples of a decay process demonstrating
its usefulness in quantum-state engineering. However,
it should be noted that the atomic damping mechanism
plays this constructive role only when we are able to dis-
tinguish and reject unsuccessful cases of state-mapping
operations, where spontaneous emissions take place. For-
tunately, in V-type systems the quantum system is in the
FIG. 5: The population of the state |21〉 as a function of time
for the same parameters as in figure 4, but for (γ0, γ1)/g =
(0.05, 0.05). For non-zero values of γ0 and γ1 this unwanted
population again approaches zero periodically.
auxiliary level |2〉 after spontaneous emission, and there-
fore, it is easy to check whether the spontaneous emission
takes place or not.
The atomic damping is responsible for one more sur-
prise — the V-type system can be better than the Λ-
type system for the state mapping. The perfect pi pulse
operation for non-zero κ, γ0 and γ1 can be approx-
imated by Upi|10〉 = ei(Φ−2η)e−(κ+γ0+γ1)tpi/2|01〉 and
Upi|Φη〉 = e−Γtpi |00〉, where Γ is an effective damping
rate. If |∆|  g  κ and η  1 then Γ ≈ γ0. In this
case, at the end of the protocol the unnormalized state
of the system is given by
|ψ˜f 〉 = αe−(κ+γ0+γ1)tpi/2|01〉+ βe−γ0tpi |00〉 . (39)
The normalized system state in the V-type system is
given by
|ψf 〉 = N ′(αe−(κ−γ0+γ1)tpi/2|01〉+ β|00〉) , (40)
while the normalized system state in the Λ-type system
is almost independent of γ and can be well approximated
by
|ψf 〉 = N (αe−κtpi/2|01〉+ β|00〉) . (41)
A comparison of (40) with (41) shows that the damping
factor in the V-type system can be closer to one than
the damping factor in the Λ-type system in the case of
γ0 > γ1 and large detunings. Since the damping factor
has significant influence on the fidelity for considerable
values of κ, the fidelity of the state mapping in V-type
systems is higher in this case than in Λ-type systems.
In (40) N ′ = (|α|2e−(κ−γ0+γ1)tpi + |β|2)−1/2.
Now let us use atomic decay to increase κ in
the state-mapping protocol without decreasing the fi-
delity. We want κ as large as possible because for
real cavities it takes considerable values. The state-
mapping protocol, for which the minimal fidelity exceeds
81 − 10−5, can be performed for (∆,Ω1, κ, γ0, γ1)/g =
(9.8568, 1000, 1.7× 10−3, 1.7× 10−3, 7× 10−4), (t1, tpi) =
(1.98 × 10−4, 15.932)g−1 and (φΩ,Φ) = (−0.006, 4.696).
Even larger value of κ can be set for small ∆. Using nu-
merical calculations, we have found that F > 1 − 10−5
for (∆,Ω1, κ, γ0, γ1)/g = (1.619, 1000, 4.9 × 10−3, 9.2 ×
10−3, 2 × 10−3), (t1, tpi) = (8.44 × 10−4, 3.861)g−1 and
(φΩ,Φ) = (−0.01, 4.32).
It is worth to note that it is possible to set κ/g larger
than 4.9 × 10−3 with F > 1 − 10−5. The main obstacle
to achieve such high fidelity for large cavity decay rates
is the damping factor in (40). We can overcome this
obstacle in the class of algorithms, in which the damping
factor is compensated for [21, 22]. In this way we can get
F > 1−10−5 for (∆,Ω1, κ, γ0, γ1)/g = (1.613, 1000, 1.8×
10−2, 9×10−3, 9×10−3), (t1, tpi) = (8.44×10−4, 3.87)g−1
and (φΩ,Φ) = (−0.009, 4.31).
XI. THE STATE-MAPPING PROTOCOL IN
QUANTUM DOT SYSTEMS
A typical range of g/2pi in quantum dot-cavity sys-
tems is 8 to 38 GHz [64–66, 70], so the coupling strength
in quantum dot systems is three orders of magnitude
larger than in atom-cavity systems. Since the state-
mapping protocol needs |Ω|  g in the first stage,
counter-rotating terms become important and cannot be
neglected. One can check using (28) that for the excitonic
wavelength of [71] λ = 937.25 nm (ωL/2pi ≈ ωcav/2pi ≈
3.2 × 105 GHz) there is no such |Ω| that  < 10−5. It
FIG. 6: The effect of the counter-rotating terms on the fidelity
for small value of ∆ (solid line) and for considerable value of
∆ (dotted line).
is seen in figure 6 that for g = 2pi × 10 GHz and small
value of the detuning ∆/g = 1.633 ((k, θ) = (1, 1)) we ob-
tain the fidelity, which does not satisfy the requirement
of large quantum algorithms, though it is still very high.
Fortunately, 1 can be reduced also by increasing ∆.
From (14) it is seen that 1 is proportional to Re(f(t1)),
which tends to 0 as ∆→∞. Figure 6 shows that for large
enough ∆ it is possible to perform the state-mapping pro-
tocol with F ≥ 1−10−5 by setting moderate value of Ω1.
We have obtained F > 1−2×10−6 for g = 2pi×10 GHz,
(k, θ) = (60, 1) and Ω1/g = 62 (which lead to ∆/g =
15.4278, (t1, tpi) = (2.08×10−3, 24.435)g−1 and (φΩ,Φ) =
(0.016, 4.705)). It is possible to satisfy the requirement
of large quantum algorithms even in the presence of field
and atomic damping. The state mapping with the min-
imal fidelity equal to 1 − 7 × 10−6 can be performed
for (∆,Ω1, κ, γ0, γ1)/g = (15.4141, 62, 3.4 × 10−4, 3.7 ×
10−4, 3.5×10−4), (t1, tpi) = (2.08×10−3, 24.457)g−1 and
(φΩ,Φ) = (0.021, 4.706).
It is worth to mention here that quantum optimal con-
trol theory [72, 73] makes it possible to manipulate spins
very fast and with high fidelity in two level systems be-
yond the RWA regime [74]. This is all what is needed in
the first stage of the state-mapping protocol performed in
quantum dot-cavity systems. Therefore it is possible that
the presented results may be improved by using optimal
control theory.
XII. EXPERIMENTAL FEASIBILITY OF THE
PROTOCOL
Finally, we shortly discuss the realizability of the state-
mapping protocol in a quantum system consisted of a
quantum dot placed in a photonic crystal cavity, like
in [71]. A neutral exciton X0 eigenstates naturally form
a three-level V-type system. Let us set experimentally
achievable coupling strength g = 2pi × 10 GHz and the
exciton decay rate h¯γ = 0.66µeV (γ/g = 0.016) [71]. Let
us also assume that the damping factor is compensated
for. Then we can obtain high fidelity F > 1− 1.3× 10−4
for (∆,Ω1, κ, γ0, γ1)/g = (1.599, 166, 3.2 × 10−2, 1.6 ×
10−2, 1.6× 10−2), (t1, tpi) = (5.04× 10−3, 3.888)g−1 and
(φΩ,Φ) = (−0.0025, 4.30). Note that the protocol time
is short compared with γ−1 of [71]. However, the pro-
tocol time is comparable to γ−1deph of [71], where γdeph
is the exciton pure dephasing rate. Moreover, as men-
tioned above, the value of the cavity decay rate re-
quired by the protocol is demanding for present technol-
ogy. In our numerical calculations we have chosen value
κ/g = 3.2 × 10−2, which is 40 times smaller than that
of [71].
XIII. CONCLUSIONS
I have shown that V-type quantum systems consisting
of an atom or atom-like structure and optical cavity have
important drawback — quantum information stored in
a superposition of two excited states cannot be exactly
mapped onto cavity mode state using a single rectan-
gular laser pulse. The fidelity of such a state mapping
is always reduced by the population of the intermediate
ground state. However, I have found that there exists
a two-stage state-mapping protocol for V-type systems,
9which performs the state-mapping operation almost per-
fectly, i.e., the fidelity tends to unity with increasing the
intensity of the laser light in the first stage of the pro-
tocol. Since the first stage is ultra-short, this protocol
is almost as fast as state mapping performed in Λ-type
quantum systems. The protocol time is short compared
with γ−1 of [64]. I have also investigated the influence of
field and atomic damping on this protocol. I have shown
that the atomic decay can be useful in the state-mapping
protocol — it can suppress unwanted effects of the cavity
decay. The atomic decay partially recovers the periodic
behaviour of the system and can make the damping fac-
tor close to one. Surprisingly, in the limit of large detun-
ings the state-mapping protocol for V-type systems can
achieve higher fidelity than the state mapping for Λ-type
systems due to the atomic damping.
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